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We theoretically predict an exotic topological superfluid state with spatially modulated pairing gap in one-
dimensional spin-orbit-coupled Fermi gases. This inhomogeneous topological superfluidity is induced by ap-
plying simultaneously a perpendicular Zeeman magnetic field and an equally weighted Rashba and Dresselhaus
spin-orbit coupling in one-dimensional optical lattices. Based on the self-consistent Bogoliubov–de Gennes
theory, we confirm that this novel topological phase is a unique condensation of Cooper pairs, which manifests
the interplay between the inhomogeneity of superfluid and its nontrivial topological structure. The properties
of the emergent Majorana bound states are investigated in detail by examining the associated Z2 topological
number, the eigenenergy and density of states spectra, as well as the wave functions of the localized Majorana
end modes. Experimental feasibility of observing this new topological state of matter is also discussed.
PACS numbers: 67.85.−d, 03.75.Lm, 74.81.−g, 03.67.Lx
Introduction.—The recent pursuit of Majorana fermions in
nanomaterials, solid state systems, and atomic Fermi gases
has generated much interest in both fields of condensed mat-
ter and cold atom physics [1–7]. A series of intriguing het-
erostructures comprising s-wave superconductors, topologi-
cal insulators, ordinary semiconductors, as well as other ferro-
magnetic substances has been proposed to possess the capac-
ity for harboring non-Abelian Majorana zero modes at inter-
faces of the sample through a proximity effect [8–13]. Experi-
mental realizations of these proposals have reported detection
of zero-bias mid-gap states in InSb nanowires contacted with
the normal metal and superconducting electrodes [14–16].
A parallel extensive search for the Majorana bound states
has also been progressing in the systems of ultracold
fermionic superfluids [17–23]. Particularly, the breakthrough
of realizing synthetic gauge fields in cold atom condensates
[24–27] greatly stimulates the research of topological super-
fluidity in spin-orbit-coupled (SOC) Fermi gases subject to the
Zeeman field. One peculiar advantage of deploying ultracold
atoms to probe the topological properties of a quantum fluid
lies in the fact that via standard techniques of optical lattices
and Feshbach resonances [28, 29], now we can not only pre-
cisely tune the inter-particle interactions over a wide range of
parameters, but also have the freedom to switch the dimen-
sion, modify the geometry, and control the purity of a quan-
tum gas to experimentally simulate various theoretical models
in modern physics [30]. In comparison with the well-studied
two-dimensional structures, one-dimensional (1D) nanowires
and optical lattices have recently attracted growing attention
in detecting and engineering Majorana zero modes due to
their simple 1D confinement geometry and the resultant re-
duction of decoherence effects [20–22, 31–33]. To some ex-
tent, fermionic cold atoms trapped in a tube can be free of dis-
orders, and provide another ideal platform to further explore
the new topological states of quantum matter.
In this Letter, we try such a new route to theoreti-
cally predict a topologically nontrivial Fulde-Ferrell-Larkin-
Ovchinnikov (topo-FFLO) superfluid state [34–37] in the 1D
SOC Fermi gases [25, 26, 38]. Given that high purity and
strong superfluid pairing are both achievable in atomic sys-
tems [28, 29], the proposed topo-FFLO phase will offer a
new setting for the advancement of understanding the relation
and interplay between the inhomogeneity of superfluid and its
intrinsic topological properties. As a new quantum state of
matter exhibiting superfluidity, inhomogeneity, and Majorana
fermions as a whole, this unified topo-FFLO state may po-
tentially suggest a promising strategy to study the superfluid
inhomogeneity, its nontrivial topology, and the artificial dis-
orders on the same footing in a highly-controllable cold atom
laboratory [39].
Model and phase diagrams.—Here we conceive a mini-
mal 1D lattice model, which simultaneously hosts Majorana
fermions at the edges and an inhomogeneous FFLO phase in
the bulk, to demonstrate the existence of a novel inhomoge-
neous topological superfluid in fermionic condensates. The
Hamiltonian describing the 1D SOC Fermi gases can be writ-
ten as [7, 12, 18, 21–23]:
H = HK +HR +HD +H∆,
HK = −t
∑
i,j,σ
ψ†iσψjσ+
∑
i,σ
[V (ri) + hσz − µ]ψ†iσψiσ,
HR = −λz
∑
i
(ψ†i↓ψi+xˆ↑ − ψ†i↑ψi+xˆ↓ + H.c.), (1)
HD = −λy
∑
i
(iψ†i↑ψi+xˆ↑ − iψ†i↓ψi+xˆ↓ + H.c.),
H∆ = −
∑
i
(∆iψ
†
i↑ψ
†
i↓ + ∆
∗
iψi↓ψi↑),
where ψ†iσ (ψiσ) denotes the creation (annihilation) field op-
erator with spin σ ≡ ( ↑ , ↓ ) at site ri. HK is the kinetic term
including the nearest neighbor hopping t, the 1D harmonic
trapping V (ri)≡mω2r2i /2, a perpendicular Zeeman field h,
and chemical potential µ. In consideration of the current ex-
perimental status that only 1D equally weighted Rashba and
Dresselhaus (ERD) spin-orbit (SO) coupling has been realiz-
able in cold gases of fermions, we explicitly adopt two differ-
ent kinds of SO interactions for a general purpose [12, 40]. HR
represents the spin-flip Rashba type SO coupling with strength
λz [41], while HD is a spin-conserving Dresselhaus (110) SO
interaction with strength λy [42]. H∆ denotes the spin-singlet
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2s-wave contact attraction between atoms with the gap function
∆i≡Vs〈ψi↓ψi↑〉, whence Vs is the pairing strength.
To visualize the landscape of candidate ground states, we
first focus on understanding the bulk properties of the 1D SOC
Fermi gas by ignoring the trapping potential and imposing the
periodic boundary condition. The resulting Hamiltonian in the
momentum space can be expressed via Nambu spinor Ψ†k ≡
(ψ†q
2+k↑ ψ
†
q
2+k↓ ψ
q
2−k↑ ψ q2−k↓) as H =
∑
k Ψ
†
kH(k)Ψk up
to a constant, where the Bogoliubov–de Gennes (BdG) Hamil-
tonian reads:
H(k) = 1
2

ξ+q
2+k
η q
2+k
0 −∆q
−η q
2+k
ξ−q
2+k
∆q 0
0 ∆q −ξ+q
2−k η
q
2−k
−∆q 0 −η q
2−k −ξ−q2−k
. (2)
In Eq. (2), we assume the superfluid order is composed of
the pair condensation at a specific center-of-mass (COM) mo-
mentum q: ∆i = ∆qeiqri [36, 37], and dispersions ξ±q
2±k =−2t cos ( q2 ± k) − µ ± [h + 2λy sin ( q2 ± k)]; η q2±k =
2iλz sin ( q2 ± k). Typically, the eigenenergy of H(k) cannot
be analytically manipulated, so we need solve the problem nu-
merically and minimize mean-field thermodynamic potential
Eg=〈H〉/N+∆2q/Vs at zero temperature to self-consistently
extract the values of q and ∆q for the ground state.
Moreover, by noticing that H(k) respects the built-in
particle-hole symmetry, we can thus introduce an associ-
ated 1D Z2 number (−1)ν , where the Berry phase ν equals
i
pi
∑
E(k)<0
∫ pi
−pi〈φ(k)|∂kφ(k)〉dk, to characterize the nontriv-
ial topological structure of the Bloch bands in the presence
of both SO interactions and Zeeman field [40]. When the Z2
number is−1 (+1), the bulk system will be topologically non-
trivial (trivial). It is worth mentioning that to engender a topo-
logical superfluid, besides the nontrivial band structure, the
system also needs to sustain the channel of an effective spin-
less p-wave pairing. In our model [Eq. (2)], a nonzero ∆q
will just encode the designed p-wave symmetry for the intra-
band pairing once projected into the helical basis. Therefore,
it becomes practical to employ the pair condensation and the
1D Z2 topological invariant as a composite order parameter to
discriminate among the differing ground states in general and
accordingly map out the phase diagrams of the Fermi gases.
In all self-consistent calculations, we set t = 1 as the en-
ergy unit, the s-wave attraction magnitude Vs = 2.5t, and the
strengths of Rashba and Dresselhaus SO couplings are deter-
mined by λ2z+λ
2
y = λ
2 [λ = 0.7t]. For simplicity, we only
present the results at zero temperature. Figure 1 shows the
typical phase diagrams for the 1D Fermi gases at different
intensities of SO couplings on the h-µ plane. In panel (a),
we keep λz = λ and the resulting ground states in the limit
of strong Rashba interaction are thus dominated by the ho-
mogeneous states with vanishing q. Specifically, we observe
that besides vacuum (empty bands without filling) and con-
ventional Bardeen-Cooper-Schrieffer (BCS) superfluid, there
exists another homogeneous but topologically nontrivial su-
perfluid phase in the region of large h. All these results are
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FIG. 1: (color online). Two generic phase diagrams of a 1D
SOC fermionic condensate on the h-µ coordinates. Panel (a) is
for homogeneous superfluid (SF) states with Rashba SO coupling
(λz = λ, λy = 0), while panel (b) illustrates the emergence of an
inhomogeneous topological superfluid (gapped and gapless) in the
ERD SOC Fermi gas (λz = λy =
√
2
2
λ) [λ = 0.7t]. The phase
boundaries are symmetric to µ = 0 and NG stands for the normal
gas state. Three lower panels (c)-(e) show the dispersion spectra
of varied FFLO states in (b) with fixed h = 0.6t and increasing
µ = −1.6t (c); −1.3t (d); −1.0t (e), where thin solid (dashed)
lines [red and blue] represent (un)shifted helical bands of the non-
interacting system. The thick magenta line denotes the lowest quasi-
hole branch of Eq. (2). Purple arrows mark the Fermi points of
shifted non-interacting helicity bands in half of the Brillouin zone
(BZ).
consistent with previous studies on the Rashba SOC Fermi
gases [21, 22]. The phase diagram will get much richer and
more interesting if we turn on the strong ERD SO interac-
tion [Fig. 1(b)]. Instead of the homogeneous phases, we find
that under strong Zeeman fields (h>0.35t), the whole system
would be driven from a BCS superfluid into an inhomoge-
neous pairing state with a finite COM momentum. Through
tuning the band-filling, we can further get access to the topo-
logical portion of the spectrum, hence triggering the emer-
gence of a new type of topo-FFLO superfluid carrying simul-
taneously a finite q, a nonzero ∆q , and a nontrivial Z2 number
“−1”. By examining quasiparticle excitations, we can also
distinguish between gapped and gapless topo-FFLO states.
The physical underpinning of this inhomogeneous topologi-
cal superfluidity is mainly stemming from the inversion asym-
metry of Bloch bands, which means that with fixed ERD SO
coupling, the increase of h will not only modify the topology
of the band structure via opening a spin-orbit gap and spoiling
time reversal symmetry, but it also facilitates the effective p-
wave fermionic pairing at a nonvanishing COM momentum q.
It is even appealing to perceive that the inclusion of Dressel-
haus SO coupling would also efficiently enlarge the domain
of FFLO state in the phase diagram.
To clarify the origin of various FFLO states in Fig. 1(b), we
highlight here their dispersions near the Fermi level. Figures 1
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FIG. 2: (color online). Spatial profiles of superfluid order param-
eter ∆i and atomic densities niσ for the 1D ERD SOC Fermi gas
in real-space confinement. The real and imaginary parts of ∆i are
plotted in panels (a) and (b), respectively. Density distributions niσ
are shown in panel (c). Fourier transforms of ∆i at finite momenta q′
are depicted in panel (d), where the purple (green) line denotes ∆q′
with (without) trap. Here Vs = 2.5t, λ= 0.7t, h= 0.6t, µ=−1.6t,
λz=λy=
√
2
2
λ≈0.495t, and mω2/2≈0.0001t.
[(c)-(e)] show the following: (i) Due to the inversion asym-
metry, superfluid pairing inside the lower spin-mixed helicity
branch (blue solid line) opens the energy gaps at its Fermi
points and shifts the whole bands to the left side by q/2. This
also gives rise to the gapless state if µ crosses the upper he-
lical band (red solid line). (ii) The Z2 topological invariant
can now be approximate to the parity of the number of Fermi
points in half of the BZ (marked by purple arrows). (iii) Physi-
cally separated edge modes may appear in gapped topo-FFLO
phase, namely when Fermi level lies within the spin-orbit gap.
Topo-FFLO superfluid in real space.—Now we concentrate
on real-space configurations of the emergent Majorana end
states in topo-FFLO phase (gapped) under realistic harmonic
trapping and ERD SO coupling. After performing canon-
ical transformations: ψi↑ =
∑
n [un↑(ri)γn↑ − v∗n↓(ri)γ†n↓]
and ψ†i↓ =
∑
n [vn↑(ri)γn↑ − u∗n↓(ri)γ†n↓], we can obtain
the self-consistency BdG equations from Eq. (1) as follows:
[H, γnσ] = −Enγnσ and [H, γ†nσ] = Enγ†nσ . Since the sys-
tem preserves particle-hole symmetry, Bogoliubov quasiparti-
cle operators γ’s satisfy the relations γ−E=γ
†
E , which implies
that the system will become topologically nontrivial if E= 0
and γ0 =γ
†
0. The real-space computation [Fig. 2] is conducted
on a 501×1 lattice with an open boundary condition [Vs=2.5t,
h=0.6t, µ=−1.6t, λz=λy=
√
2
2 λ, and mω
2/2≈0.0001t].
Figure 2 summarizes the spatial profiles of superfluid order
parameter and fermion density distributions in the confined
1D tube along xˆ-direction. Driven by the interplay between
the asymmetry of Fermi surface (points) and the superfluid
pairing, real and imaginary parts of ∆i display rapid oscilla-
tions across the zero point in antisymmetric ways throughout
the whole region of the quantum gas with a period of about 12
sites [see Figs. 2(a) and (b)]. To gain a concrete understand-
ing of this spatial variation, we expand ∆i in terms of a spec-
trum of plane waves ∆i =
∑
q′ ∆q′e
iq′ri . It becomes clear
from Fig. 2(d) that the imposition of a harmonic trap induces
the modulation of multiple Fourier modes ∆q′ in the interval
ranging from q′ ∼ 0.5 to 1.0. While, for the case of free gas
without trap, ∆q′ change to centrally distribute around a sin-
gle momentum q′≈0.45 [see the green line in Fig. 2(d)]. This
is consistent with our k-space formalism. With such observa-
tions, we deduce that at the given parameters, the bulk system
has entered an inhomogeneous FFLO state. In Fig. 2(c) we
add the density distributions niσ as well, from which the bi-
modal structure of spin ↑ atom distribution is visible.
Remarkably, when mapping out the corresponding excita-
tion spectrum of the system, we find that interestingly, the
1D quantum gas inside tube also possesses nontrivial topo-
logical properties. As shown in Fig. 3(a), after switching
on ERD SO interaction, the minimal value of eigenenergy
|En| becomes exponentially small (∼10−10), which indicates
the emergence of unpaired Majorana fermions at the edges.
Note that there is only one pair of Majorana fermions sur-
vived in our system. The second lowest value of |En| equals
0.012 with trap and 0.036 without trap. Since these gap-
less chiral edge states live only inside domain walls sepa-
rating topologically distinct regimes, this remaining pair of
Majorana zero modes is signalling that besides vacuum and
normal gas state, there should just exist one united quantum
phase formed by fermionic atoms in trapped 1D optical lat-
tice. This unique condensation of Cooper pairs is exactly the
topo-FFLO state we discussed. In Figs. 3 [(b),(c);(d)] (with
trap) and [(e),(f);(g)] (without trap), we further plot separately
the amplitudes of wave functions and the corresponding local
density of states (LDOS) spectra for the unpaired Majorana
fermions, from which we can see that the self-conjugate zero
modes localized at boundaries resemble Jackiw-Rebbi solu-
tion in Dirac equation [40, 43]. One distinguishing feature of
the LDOS contours is the presence of mid-gap zero-bias peak
at trap edge, which serves as a compelling evidence for the re-
alization of Majorana fermions in 1D SOC chain. Moreover,
being specific to topo-FFLO phase, in Fig. 3(h), we find that
its spectral weights near positive gap edge get a dramatic en-
hancement as compared to the LDOS of topological BCS su-
perfluid (marked by triangles). This measurable feature may
help differentiate these two topological states in experiments.
Similar to the mechanism proposed for semiconducting het-
erostructures [7, 12], this revealed coexistence of topologi-
cal order and FFLO superfluidity is yielded by the conspir-
acy of a spin-singlet–pairing mediated p-wave superfluid in-
stability in the topologically nontrivial Bloch bands with the
Zeeman field facilitated breaking of time reversal and inver-
sion symmetries. Non-Abelian Majorana fermions are then
emerging from the phase twist of orbital motion accompany-
ing ERD SO interaction [18, 19]. In our perspective, the lat-
tice model Eq. (1) demonstrates the first attainable scenario of
creating the predicted inhomogeneous topological superfluid-
ity in atomic Fermi gases [24–26, 38]. It also uncloaks a novel
mechanism for the FFLO superfluidity/superconductivity in a
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FIG. 3: (color online). Quasiparticle spectra En of the 1D ERD
SOC Fermi gases with (red circle) and without (blue triangle) trap-
ping [panel (a)]. Panels [(b),(c)] and [(e),(f)] depict the amplitudes
of wave functions for the zero energy states with and without trap,
respectively. Panels (d) (with trap) and (g) (without trap) show the
corresponding contours of LDOS along half of the lattice. All pa-
rameters are the same as in Fig. 2. Total LDOS spectra along the cut
at site ri = 242 [see blue dashed line in (g)] without trap are plot-
ted in panel (h) for both topological BCS superfluid [ρRashba; λz=λ,
λy=0] and topo-FFLO superfluid [ρERD; λz=λy=
√
2
2
λ≈0.495t].
Here ρi(ω) =
∑
n,σ [|unσ(ri)|2δ(En−ω) + |vnσ¯(ri)|2δ(En +ω)].
single spin-mixed asymmetric helicity band of a SOC system.
Experimental realization.—We propose to use fermionic
lithium atoms as a quantum simulator to synthesize and de-
tect this new topological state of matter in cold atom conden-
sates. It has been shown that spin-imbalanced 6Li degenerate
gas loaded in an array of tubes can realize the partially polar-
ized superfluid phase with possible FFLO correlations in 1D
[38]. The 6Li atoms can also be dressed up via a pair of Ra-
man beams to produce the 1D equal-part Rashba and Dressel-
haus SO coupling, and the opened spin-orbit gap has been di-
rectly observed in spin-injection spectroscopy measurements
[26, 27]. Therefore, all the required techniques of simulating
the model Hamiltonian Eq. (1) are within the scope of current
experimental sophistication. Furthermore, signatures of topo-
FFLO state may be detectable with spatially resolved radio-
frequency spectroscopy and time-of-flight imaging through
seeking the described features in LDOS spectrum and the bi-
modal structure of atom density distribution [40].
Conclusions.—As the first endeavor to predict a new quan-
tum state of matter, our work provides the theoretical frame-
work and presents the basic information of topo-FFLO phase
within mean-field theory and proper topological arguments.
In view of its conceptual novelty and experimental feasibility,
a more accurate description of this topological state necessi-
tates the usage of advanced techniques, which will be left for
future investigations [44–49].
In summary, we theoretically study the phase diagram of
an ERD SOC Fermi gas in 1D optical lattice, and success-
fully identify for the first time an exotic topological FFLO
superfluid in the region of strong SO couplings and Zeeman
field. Detailed structures of order parameters and Majorana
end modes associated with this topo-FFLO phase are mani-
festly uncovered in real space through utilizing the BdG for-
mulation. Our work might open up new prospects for the ex-
ploration of topological states of matter in SOC systems.
C.C. thanks C.S. Ting, F.J. Burnell, A. Kamenev, and Y.
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Note added.—After completion of present paper, we learnt
of three related works that addressed and confirmed the same
phase in 2D [50, 51] and 1D [52] SOC Fermi gas systems.
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In this Supplemental Material, we provide some detailed derivations and analyses on the form
of the model Hamiltonian, the equivalent formulations of calculating the topological index, some
details of the topological phase transition, and the analytical solution of the zero energy bound
state, which may help interested researchers acquire a better understanding of the main paper.
Some relevant comments and discussions on the experimental detection of the topo-FFLO state
and the validity of the employed mean-field theory are also included.
I. Equally weighted Rashba and Dresselhaus spin-orbit coupling
Starting from the Dirac equation by an expansion of v/c, we can obtain the general three di-
mensional (3D) spin-orbit (SO) interaction in the SI units as follows:
H3DSO = −
e~
4m2c2
~σ ·
[
~E×
(
~p− e
c
~A
)]
, (1)
where ~σ are the usual Pauli matrices, and ~E is the electric field or the gradient of a scalar potential.
Let’s neglect the vector potential ~A, and expand the cross product into
~E× ~p =
∣∣∣∣∣∣
i j k
Ex Ey Ez
px py pz
∣∣∣∣∣∣ = (Eypz − Ezpy)i+ (Ezpx − Expz)j + (Expy − Eypx)k, (2)
then
H3DSO = −
e~
4m2c2
[σx(Eypz − Ezpy) + σy(Ezpx − Expz) + σz(Expy − Eypx)] . (3)
1◦ If we choose ~E = (0, 0, Ez), H3DSO is the 2D Rashba SO term [1]: H
2D
R =
e~Ez
4m2c2
(σxpy − σypx).
2◦ If we confine the system to 1D along xˆ direction, namely ~p = (px, 0, 0), we will get the 1D
SO terms used in our paper [2]: H1DSO = − e~4m2c2 (σyEzpx − σzEypx). This form can be understood
as follows: in a 1D SOC chain constructed from a 3D optical lattice, the effect of SO interaction
due to the confinement in the zˆ direction is accounted for by a spin-flip hopping, while the effect
of SO interaction due to the confinement in the yˆ direction is taken into account by an imaginary
spin-conserving hopping.
In 2D solid state systems, the structure inversion asymmetry of a confinement potential and/or
the bulk inversion asymmetry of a crystal can lead to the well-known Rashba and Dresselhaus SO
couplings, respectively [1, 3]. The Rashba SO interaction in a square lattice has the form
H2DR =−λz
{∑
i
[
ψ†i↓ψi+xˆ↑ − ψ†i↑ψi+xˆ↓ + H.c.
]
+
∑
i
[
i
(
ψ†i↓ψi+yˆ↑ + ψ
†
i↑ψi+yˆ↓
)
+ H.c.
]}
. (4)
Now for a 1D chain along xˆ direction, the second term on the right-hand side can be dropped. We
are thus left with the 1D Rashba term H1DR =−λz
∑
i (ψ
†
i↓ψi+xˆ↑−ψ†i↑ψi+xˆ↓+ H.c.). This is exactly
ar
X
iv
:1
30
6.
59
34
v2
  [
co
nd
-m
at.
qu
an
t-g
as
]  
6 O
ct 
20
16
2the third line of Equation (1) in the manuscript, which corresponds to the term − e~
4m2c2
(σyEzpx).
The Dresselhaus (110) SO interaction [4] is defined as
H (110)D = −λy
∑
i,s,s′
i (σz)ss′
(
ψ†i−xˆ,sψi,s′ − ψ†i+xˆ,sψi,s′
)
= −λy
∑
i
(
iψ†i−xˆ↑ψi↑ − iψ†i−xˆ↓ψi↓ − iψ†i+xˆ↑ψi↑ + iψ†i+xˆ↓ψi↓
)
= −λy
∑
i
(
iψ†i↑ψi+xˆ↑ − iψ†i↓ψi+xˆ↓ + H.c.
)
, (5)
which is exactly the fourth line of Equation (1) in the manuscript, corresponding to the term
e~
4m2c2
(σzEypx). Therefore, the ERD SO coupling we adopt here is an equal combination of these
two kinds of SO interactions in 1D [λz = λy].
After doing a spin rotation or a local gauge transformation [σx → σy, σy → σz, σz → σx] into
an equivalent representation, our Hamiltonian [Equation (1) in the manuscript] can be mapped to
the model including both the National Institute of Standards and Technology (NIST) SO coupling
[−λσypx] and the external Zeeman field ~B = (0, By, Bz) [5–7].
II. Evaluation of the Z2 topological invariant
In reference [8], Kitaev considered a periodic chain of L unit cells, and each unit cell having
n fermionic sites. A general Hamiltonian for this 1D model can be written in real space as [see
Equations (18), (22), and (23) in ref. [8]]:
H =
i
4
∑
l,m
∑
α,β
Bαβ(m− l)clαcmβ; Bαβ(j)∗ = Bαβ(j) = −Bβα(−j), (6)
where l = 1, . . . , L, α = 1, . . . , 2n, and the Majorana operators c’s satisfy the relations c†m = cm,
clcm + cmcl = δlm. By performing the Fourier transformations, γpα = 1√L
∑
j e
−ipjcjα, we can
obtain the same Hamiltonian in the momentum space as,
H =
i
4
∑
α,β
∑
p
B˜αβ(p)γ−pαγpβ; B˜†(p) = −B˜(p) = B˜T(−p), (7)
where B˜αβ(p) =
∑
j e
ipjBαβ(j). Now let’s turn our attention to the model studied in the
manuscript [Equation (2)]. Via Nambu spinor Ψ†k ≡ (ψ†q
2
+k↑ ψ
†
q
2
+k↓ ψ q2−k↑ ψ q2−k↓), the Hamilto-
nian can be expressed as H =
∑
k Ψ
†
kH(k)Ψk up to a constant, where the Bogoliubov–de Gennes
(BdG) Hamiltonian reads
H(k) = 1
2

ξ+q
2
+k
η q
2
+k 0 −∆q
−η q
2
+k ξ
−
q
2
+k
∆q 0
0 ∆q −ξ+q
2
−k η q2−k
−∆q 0 −η q
2
−k −ξ−q
2
−k
 . (8)
3Changing to the Majorana representation Υ†k ≡ (γA−k↑ γB−k↑ γA−k↓ γB−k↓) by the following transfor-
mation, Ψk = TˆΥk, namely
ψ q
2
+k↑
ψ q
2
+k↓
ψ†q
2
−k↑
ψ†q
2
−k↓
 =

1√
2
i√
2
0 0
0 0 1√
2
i√
2
1√
2
−i√
2
0 0
0 0 1√
2
−i√
2
·

γAk↑
γBk↑
γAk↓
γBk↓
 , (9)
the Hamiltonian becomes H =
∑
k Υ
†
kTˆ
†H(k)TˆΥk. Here we use A(B) to denote the Majorana
index for the fermionic site λ in unit cell j: γA(B)kλ =
1√
L
∑
j e
−ikjcA(B)jλ , l = 1, . . . , L, λ = 1, . . . , n
[our notation is slightly different from Kitaev’s, and the operators γA(B)kλ shall not be confused with
the Bogoliubov quasiparticle operators γnσ in the main manuscript]. It can be easily checked that
matrix M(k) ≡ −4iTˆ†H(k)Tˆ satisfies the following relation
M †(k) = −M(k) = MT(−k), (10)
which indicates that matrix M(k) is analogous to the matrix B˜(p) defined above. Therefore the
present model we studied in the paper is isomorphic to the Majorana wire considered by Kitaev,
but with two fermionic sites (two spin species) in one unit cell [8]. With this identification, it is not
hard to see that our system is in symmetry class D [9], and the preserved particle-hole symmetry
is squared to +1 [10, 11]:
ΓˆH(k)Γˆ† = −H(−k)∗, Γˆ = Γˆ† = σx⊗12×2 =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
, and Γˆ2 = 14×4. (11)
Since our model can be mapped to Kitaev’s Majorana wire, we can analogously define the Ma-
jorana numberM(H) [8] as theZ2 invariant to characterize the topological structure of the system.
It can be explicitly shown that the topological index defined by the Pfaffian (Pf) based Majorana
number is completely equivalent to the Berry phase based Z2 index adopted in the manuscript [see
refs. [12, 13]]. After a lengthy but nontrivial derivation, we can get the following key equation:
M(H) = sgn
{
Pf
[
−iH(k=0)Γˆ
]}
·sgn
{
Pf
[
−iH(k=pi)Γˆ
]}
=
detU(k=0)
detU(k=pi)
= (−1)ν , (12)
which demonstrates the close connection between different formulations of calculating the Z2
topological invariant in 1D. U(k) here represents the unitary matrix that diagonalizes the BdG
HamiltonianH(k). Hence we have the following three equivalent ways to evaluate the Z2 index:
(1) Perform the integral over Berry curvature of BdG bands in the first Brillouin zone to find the
Berry phase ν, which equals i
pi
∑
E(k)<0
∫ pi
−pi〈φ(k)|∂kφ(k)〉dk, then we can calculate (−1)ν .
(2) Diagonalize the BdG Hamiltonian H(k) at the particle-hole symmetric points k = 0, pi to
construct the unitary matrices U(k = 0, pi), then the Z2 number is simply the ratio between
their determinants.
(3) Evaluate the Pfaffians of the skew matrices −iH(k)Γˆ at the points k = 0, pi, then the
Majorana numberM(H) is the multiplication of their sign functions.
We have checked that all these three methods yield the same results. Because of the length limit
of PRL, the above formalism has not been included in the manuscript.
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FIG. 1: (color online). Two lowest quasihole eigenenergies E1,2 as functions of the Zeeman field h. The
critical point of the topological phase transition between BCS and topo-FFLO superfluids can be resolved
at hc ∼ 0.4, where the value of the Z2 invariant changes from +1 to −1 [see the right yˆ axis]. Chemical
potential µ is fixed to be −1.8. All the other parameters are the same as in Figure 1(b) of the manuscript.
III. More details on the topological phase transition
Firstly, because of the presence of ERD SO interaction, the superfluid order parameter ∆i is
now a complex number, whose real and imaginary parts are both oscillating in the real space,
but whose magnitude ∆q can still be a real and spatially independent constant if we choose the
periodic boundary condition without a trap. Secondly, as shown in Eq. (12), the Z2 topological
invariant depends only on the magnitude of the superfluid order parameter ∆i and its center-of-
mass (c.m.) momentum q, therefore, although ∆i changes sign periodically, the topological index
is still well defined, which is sufficient to characterize the nontrivial topological structure of the
1D superfluid system. Finally, because the 1D model Hamiltonian studied in the manuscript is
isomorphic to Kitaev’s 1D superconducting wire, we can also use the Majorana number M(H)
as the subtle indicator of the topological phase transition, but it has been shown above that this
number is completely identical to the index (−1)ν employed in the manuscript. In the following,
we will try to present a detailed analysis of the topological phase transition by examining the
lowest excitation spectra, and the physical mechanism of the varied FFLO states in the phase
diagram of Figure 1(b) [see the manuscript] will be clarified in the next section.
To better understand the revealing topological phase transition in the 1D ERD SOC Fermi
gases, in Fig. 1, we plot the evolution of the two lowest eigenenergies E1,2 of the quasihole excita-
tions as increasing the Zeeman field h with fixed chemical potential µ = −1.8. A critical point of
the topological phase transition from the conventional BCS superfluid to the newly predicted topo-
FFLO superfluid can thus be resolved around hc ∼ 0.4, where the calculated Z2 index changes its
value from +1 to −1, indicating the emergence of unpaired zero energy states at the boundaries
as E1 illustrates. Typically, E2 will largely amount to the value of the bulk energy gap, which, as
shown in Fig. 1, will first get closed as approaching the critical point hc, and then reopen again to
5protect the resulting edge zero modes so as to ensure the appearance of physically well separated
Majorana bound states. The FFLO nature of this topological superfluid phase will be demonstrated
in the following section by projecting the pairing term H∆ into the helicity basis and studying the
corresponding dispersion spectra near the Fermi level.
IV. Mapping to Kitaev’s spinless Majorana wire
Let us divide the Hamiltonian H into the noninteracting and interacting parts: H = H0 + HI,
H0 = HK + HR + HD, and HI = H∆ [see Equation (1) in the manuscript]. To gain a simple
picture of the band structure in the presence of spin-orbit interactions and the Zeeman field, we
first consider the effective one-band model without superfluid pairing. The reduced single-particle
HamiltonianH0 in the momentum space can be written under the representation Ψ
′†
k =
(
ψ†k↑ ψ
†
k↓
)
as H0 =
∑
k Ψ
′†
kH′(k)Ψ′k, where the 2×2 BdG HamiltonianH′(k) is given by
H′(k) =
( −2t cos k + h− µ+ 2λy sin k 2iλz sin k
−2iλz sin k −2t cos k − h− µ− 2λy sin k
)
, (13)
which can be readily diagonalized, and the obtained single-particle spectrum is
E±(k) = −2t cos k − µ±
√
(h+ 2λy sin k)
2 + 4λ2z sin
2 k. (14)
It is revealing to note that with the presence of both Zeeman field h and Dresselhaus SO interaction
λy, the inversion symmetry of the Bloch bands will be broken. The corresponding spin-mixed
helicity basis Φ′†k =
(
φ†k,+ φ
†
k,−
)
can be generally expressed as follows:(
ψk↑
ψk↓
)
=
(
uk v
∗
k
−vk u∗k
)
·
(
φk,+
φk,−
)
, (15)
where |uk|2 + |vk|2 = 1. Then it would be straightforward to show that the interacting Hamiltonian
HI contains the designed spinless p-wave pairing after being projected into this helical basis [14],
HI = −∆q
∑
k
(
ψ†q
2
+k↑ψ
†
q
2
−k↓ + H.c.
)
= −
∑
k
(
∆p,+(k)φ
†
q
2
+k,+
φ†q
2
−k,+ + ∆p,−(k)φ
†
q
2
+k,−φ
†
q
2
−k,− + H.c.
)
−
∑
k
(
∆s(k)φ
†
q
2
+k,+
φ†q
2
−k,− + H.c.
)
, (16)
where ∆p,+(k) = −∆qu∗q
2
+kv
∗
q
2
−k and ∆p,−(k) = ∆qu q2−kv q2+k denote the intraband p-wave
fermionic pairings with a finite c.m. momentum q inside the upper and lower helicity branches,
respectively. ∆s(k) = ∆q
(
u∗q
2
+ku q2−k + v
∗
q
2
+kv q2−k
)
denotes the interband s-wave pairing. This
explicit derivation clearly demonstrates what we mean by the statement in the manuscript that
“. . . . It is worth mentioning that to engender a topological superfluid, besides the nontrivial band
structure, the system also needs to sustain the channel of an effective spinless p-wave pairing. In
our model [Eq. (2)], a nonzero ∆q will just encode the designed p-wave symmetry for the intra-
band pairing once projected into the helical basis. . . .” If the chemical potential µ is lying within
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FIG. 2: (color online). Panels (b)-(e) from Figure (1) in the main manuscript. Panels (c)-(e) illustrate the
dispersion spectra of varied FFLO states in the phase diagram of a 1D ERD SOC Fermi gas [panel (b)].
the spin-orbit gap, the only filled band is the lower helicity branch, thus our present model can
be isomorphically mapped to Kitaev’s spinless Majorana wire, and their mechanisms should be
parallel to each other [8, 14, 15].
To clarify the origin of various FFLO states in Fig. 2(b), we highlight here their dispersions
near the Fermi level. Figures 2 [(c)-(e)] show the following:
(1) Due to the inversion asymmetry, superfluid pairing inside the lower spin-mixed helicity
branch (blue solid line) opens the energy gaps at its Fermi points and shifts the whole bands
to the left side by q/2. However, since we have forced the system to choose only one specific
c.m. momentum q, the intraband pairing inside the upper helical band will not be allowed
to open extra energy gaps at its inner Fermi points, which gives rise to the gapless state if µ
also crosses the upper helical band (red solid line).
(2) The Z2 topological invariant can now be approximate to the parity of the number of Fermi
points in half of the Brillouin zone (marked by the purple arrows). The inclusion of a finite
c.m. momentum q may also generate an additional parameter interval for µ, inside which
the noninteracting helicity bands may still have an odd number of Fermi points in half of
the Brillouin zone, but three points in one side and one point in the other [see Fig. 2(d)].
(3) Physically well separated edge modes may appear in the region of gapped topo-FFLO phase,
namely when the Fermi level lies within the spin-orbit gap. In contrast, the gapless topo-
FFLO state will typically not possess the stable edge zero modes. However, its inherent
topological band structure may still have some nontrivial impacts on its physical proper-
ties, especially when the inner Fermi points are also opened, then this parameter region
would support Majorana bound states as well. In real systems, the inhomogeneous topolog-
ical superfluidity should be a broad superposition of fermionic pairings with multiple c.m.
momenta, which may help enlarge the gapped regime in the phase diagram.
7V. Analytical solution of Majorana end state
To further reveal the properties of zero energy boundary mode between a topo-FFLO phase and
a non-topological state, we map the model Hamiltonian to a modified 1D Dirac equation in the
low energy (long wavelength) approximation [16, 17], and analytically establish the connection
between our boundary results and the well-known Jackiw-Rebbi solution in one dimension [18].
First we need to deduce an effective low energy single band model for the topo-FFLO state
from lattice to continuous space. As is shown, in the helical basis Φ′†k =
(
φ†k,+ φ
†
k,−
)
where(
ψk↑
ψk↓
)
=
(
uk v
∗
k
−vk u∗k
)
·
(
φk,+
φk,−
)
, (17)
the total Hamiltonian H [Equation (1) in the manuscript] can be expressed as
H =
∑
k
{
E+(k)φ
†
k,+φk,+ + E−(k)φ
†
k,−φk,− −
(
∆s(k)φ
†
q
2
+k,+
φ†q
2
−k,− + H.c.
)
−
(
∆p,+(k)φ
†
q
2
+k,+
φ†q
2
−k,+ + ∆p,−(k)φ
†
q
2
+k,−φ
†
q
2
−k,− + H.c.
)}
. (18)
When the chemical potential µ is within the spin-orbit gap, we can project out the unfilled upper
helicity branch to obtain an effective spinless model,
H− =
∑
k
{
E−(k)φ
†
k,−φk,− −
(
∆p,−(k)φ
†
q
2
+k,−φ
†
q
2
−k,− + H.c.
)}
, (19)
where E±(k) = −2t cos k − µ ±
√
(h+ 2λy sin k)
2 + 4λ2z sin
2 k and ∆p,−(k) = ∆qu q
2
−kv q
2
+k.
In the long wavelength limit (|k|  1), we can further do the substitutions that [sin k → k] and
[−2 cos k → (k2 − 2)], then the desired continuous spinless model reads
H− =
∫
dk
2pi
{[
teffk
2 − 2λyk − µeff
]
φ†k,−φk,− −
(
i
∆qλz
h
kφ†q
2
+k,−φ
†
q
2
−k,− + H.c.
)}
, (20)
where teff ≡ t− 2λzh and µeff ≡ µ+ 2t+ h. We can easily recognize from Eq. (20) that the super-
fluid pairing has an effective p-wave symmetry when k is small, namely ∆p,−(k) = −∆p,−(−k).
Written in a new basis Φ†k,q =
(
φ†q
2
+k,− φ q2−k,−
)
, the reduced Hamiltonian becomes
H− =
∫
dk
2pi
Φ†k,qH−(k)Φk,q, (21)
H−(k) ≡
(
1
2
[teffk
2 +meff + `qk] −i∆k
i∆k −1
2
[teffk
2 +meff − `qk]
)
. (22)
Here we define meff ≡ 14teffq2 − λyq − µeff, ∆ ≡ ∆qλzh , and `q ≡ teffq − 2λy.
Next let us divide the infinite 1D chain along xˆ direction into two parts:
(I) The non-topological region (x ≤ 0), which is described by a normal 1D Dirac equation
(~ = c = 1) with a large real positive mass term m<,
H<(k) = kσx +m<σz. (23)
8(II) The topo-FFLO regime (x ≥ 0), where the low energy effective Hamiltonian H>(k) is the
above-derivedH−(k),
H>(k) = ∆kσy + (t>k2 +m>)σz + `>k12×2, (24)
with t> ≡ teff2 , m> ≡ meff2 , and `> ≡ `q2 .
By inspection of Eq. (24), we note that the low energy topo-FFLO phase can be described by a
modified Dirac equation with two important corrections which are linear and quadratic in momen-
tum, respectively. It shall be emphasized that because positive and negative masses are symmetric
in a normal Dirac Hamiltonian, heuristically there is no topological distinction to decide which
one is topologically trivial or nontrivial. However, here we follow the literature to assume that
Dirac equation with an infinite positive mass term describes the vacuum and is topologically triv-
ial. According to the Jackiw-Rebbi solution of the 1D Dirac equation, we know that there exists a
zero energy bound state in the domain wall between vacua with opposite Dirac masses. Therefore
one may speculate that if m> is negative, a zero mode bound state might appear at the interface
x = 0, which largely amounts to the Majorana end state. Now let us analytically solve the wave
function for this bound state solution under small k approximation.
The key spatial differential equation we need to tackle in the region x ≥ 0 is as follows:[−i∆∂xσy + (−t>∂2x +m>)σz − i`>∂x12×2]ϕ(x) = 0, (25)
where we replace k with the operator−i∂x inH>(k), and assume that the zero energy eigenvector
ϕ(x) has the special form
ϕ(x) ≡ e−βx
(
ϕ1
ϕ2
)
, (26)
with ϕ1,2 two spatially independent constants. Inserting Eq. (26) into Eq. (25), the resulting secular
equation requires ∣∣∣∣ −t>β2 +m> + i`>β ∆β−∆β t>β2 −m> + i`>β
∣∣∣∣ = 0, (27)
which gives four solutions of β,
β = ±
√
∆2 + 2m>t> − `2> ±
√
(∆2 − `2>)(∆2 + 4m>t> − `2>)
2t2>
. (28)
Eq. (28) can be reformulated in terms of two real positive quantities βR ≡ |Reβ| and βI ≡ |Imβ|
as β = ±βR ± iβI. If βR vanishes, the purely imaginary factors β will lead to an extended wave
function spreading over the half infinite space, which corresponds to a bulk state. Thus we shall
demand a finite positive value for βR to ensure the existence of a topological phase. Moreover, in
order to seek the bound state solution within x ≥ 0, we shall further restrict β = −βR± iβI ≡ β±.
Once fixing β, the two constant components of vector ϕ(x) will satisfy the relation
ϕ2 =
t>β
2 −m> − i`>β
∆β
ϕ1 = f(β)ϕ1, (29)
where f(β) ≡ t>β2−m>−i`>β
∆β
. Finally we can obtain the wave function for the zero energy bound
state solution of Eq. (25) as a linear combination of the two possible modes:
ϕ(x) = e
− x
ξ>
[
eiβIx
(
ϕ+
f(β+)ϕ+
)
+ e−iβIx
(
ϕ−
f(β−)ϕ−
)]
, x ≥ 0. (30)
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FIG. 3: (color online). The spatial distribution of the probability density |Ψ(x)|2 for the zero energy bound
state Eq. (34). The positive Dirac mass m< = +0.5 in panel (a) and in panel (b), the topologically trivial
vacuum has an infinitely large and positive Dirac mass m< = +∞. The other parameters are fixed to be
t = 1, λz = λy = 0.7, h = 0.7, q = 0.45, µ = −1.56, and ∆q = −0.2 in both cases.
It can be seen that the wave function ϕ(x ≥ 0) has two salient features: (1) This solution is
dominantly distributed in the domain wall x = 0 and is exponentially decaying into the bulk
according to the length scale ξ> ≡ β−1R . (2) Owing to the finite imaginary parts of β±, ϕ(x≥ 0)
will also display spatial oscillations with the period determined by βI before decaying to zero.
In the same way, we can straightforwardly solve the 1D Dirac equation in the negative-xˆ region.
The eigenvalue equation is
(−i∂xσy +m<σz)χ(x) = 0, x ≤ 0. (31)
Assume m< is a positive Dirac mass, and set the trial wave function
χ(x) ≡ eρx
(
χ1
χ2
)
, (32)
with χ1,2 two constants, then we can find ρ = ±m< through solving the corresponding secular
equation. Pick the positive sign and fix the ratio between χ1,2, then the resulting wave function
becomes
χ(x) = em<x
(
χ+
−iχ+
)
, x ≤ 0. (33)
Now we have three arbitrary constants, which can be determined by imposing the continuity con-
dition at x= 0 and the normalization condition, so we would have a unique solution of the bound
state. After some algebra, we find our final result
Ψ(x) =
C√
2
{
em<x
(
1
−i
)
(1−Θ(x))
+e
− x
ξ>
[
eiβIx
(
− i+f(β−)
f(β+)−f(β−)
− (i+f(β−))f(β+)
f(β+)−f(β−)
)
+ e−iβIx
(
i+f(β+)
f(β+)−f(β−)
(i+f(β+))f(β−)
f(β+)−f(β−)
)]
Θ(x)
}
, (34)
where C is a normalization constant, and Θ(x) is the Heaviside step function with Θ(x=0) ≡ 1
2
.
In Fig. 3, we plot the probability distribution |Ψ(x)|2 of the bound state solution Eq. (34) as
a function of the position x. Here we have chosen typical values for the parameters: t = 1,
λz = λy = 0.7, h = 0.7, q = 0.45, µ = −1.56, and ∆q = −0.2, which gives rise to a negative
Dirac mass in the topo-FFLO regime: m> ' −0.74. While the positive Dirac mass m< in the
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non-topological region equals +0.5 in panel (a) and +∞ in panel (b), respectively. As manifested
by Fig. 3, the zero energy eigenmode localized at the boundary x=0 between non-topological and
topo-FFLO regions resembles the well-known Jackiw-Rebbi solution in the 1D Dirac equation,
whose envelop function exhibits the exponential decay into the bulk systems.
To summarize the above derivations and analyses, we stress the following points:
(1) The low energy properties of topo-FFLO state can be approximately described by a modified
1D Dirac equation with both linear and quadratic corrections and a negative Dirac mass.
(2) If the values of β are purely imaginary [see Eq. (28)], the system will be topologically trivial,
and there will be no zero energy bound mode.
(3) The length scales of the exponential decay of the bound state equal m−1< and β
−1
R in the
non-topological and topo-FFLO regions, respectively. While βI will determine the period of
the oscillatory modifications of the wave function in the topological regime.
(4) The zero mode boundary state in our system resembles the Jackiw-Rebbi solution and is
largely tantamount to the Majorana fermion, which is bound at the domain wall separating
regions with opposite Dirac masses or energy gaps.
(5) Although the analytical solution Eq. (34) captures the main features of the exact numerical
results in the main manuscript [see Figs. 3(b),(c),(e),(f)], we shall emphasize that the fully
self-consistent calculations in lattice space are more reliable and accurate in detecting and
revealing the topological nature of a microscopic model Hamiltonian.
More general comments on the properties of boundary Majorana fermions seem beyond the long
wavelength approximation.
VI. Comments on the experimental detection of topo-FFLO phase
If the predicted topo-FFLO phase can be realized in a real quasi-one-dimensional optical lattice
which is constructed from an array of weakly coupled tubes with a large trap aspect ratio [19], the
most significant physical signals of this quantum state may be detectable at the edges. Experimen-
tally, a direct measurement of the local density of states (LDOS) near the trap edges will provide
crucial information pertaining to the associated Majorana fermions and inhomogeneous superfluid
pairing of topo-FFLO state. In solid state systems, the celebrated scanning tunneling microscope
(STM) technique is exactly designed to probe locally the differential conductance, an equivalent
of LDOS, of the sample [20]. Recent observation of the zero-bias midgap peaks in tunneling
spectra of InSb nanowires contacted with the normal metal and superconducting electrodes clearly
demonstrates that mapping out LDOS via STM-like powerful tools will give us such valuable in-
formation on topological states of matter [21]. Therefore, we anticipate that spatially resolved
radio-frequency (rf) spectroscopy [22, 23], an analog of STM in cold atom systems, will serve as
a suitable technique to detect the described features in LDOS spectra when the condensate enters
topo-FFLO phase. [In reference [24], Jiang et al. proposed a modified scheme of implementing
the spatially resolved rf spectroscopy to directly yield the LDOS of an ultracold Fermi gas.]
In particular, we can employ the tunability of cold fermions to evolve the system across the
boundary of distinct phases, while maintaining the center of the probe at the end so as to resolve
visible distinctions in the resulting LDOS spectra that might help differentiate topologically trivial
and nontrivial states. For example, we can fix all the other parameters of the system, and just
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change the value of Zeeman field h to force the condensate into phase transforming from a con-
ventional BCS superfluid to a topo-FFLO state, then a remarkable midgap zero-bias peak should
appear in the spectrum. Because cold atom systems are intrinsically clean, such zero energy
bound states, once showing up, will become unambiguous evidence for the realization of Majo-
rana fermions in the 1D chain. Previous studies also indicated that this signature of Majorana end
state would be stable against the perturbations of intertube tunnelings [25]. Next we could grad-
ually reduce the strength of Dresselhaus spin-orbit interaction to induce a second phase transition
between topological FFLO state and topological BCS state. Typically, the bound midgap peak
will be unaffected by such a transition. However, the spectral structure of LDOS near the positive
gap edge might probably split into two peaks with reduced weights. Here the main point of our
proposal is to identify the topological distinctions of varied phases through tuning the external
laser beams to stimulate the evolution of the system across different parts of the phase diagram,
and then using the spatially resolved rf spectroscopy to measure the characteristic LDOS spectra.
Possible signals consistent with the proposed topo-FFLO state might surface out in such means,
although finite temperature, trapping potential, fluctuations, and intertube tunneling perturbations
may obscure the results of the spectroscopy. Finally, we wish to emphasize that the mechanism
of the inhomogeneous pairing in topo-FFLO superfluid is quite different from the mechanism of
conventional FFLO state, thus even though the ordinary FFLO pairing has eluded definitive ob-
servations, it would still be promising to work on this inhomogeneous topological phase, whose
detection might bring us double surprises on discovering simultaneously non-Abelian quasiparti-
cles and exotic superfluid/superconducting pairing in one unified and highly controllable setting.
Along with the spatially resolved rf spectroscopy, time-of-flight imaging technique [26], mo-
mentum resolved rf spectroscopy [27, 28], and in situ density profile measurements [29], as well
as measurements of collective modes [30, 31] could serve as the auxiliary experimental probes
to further investigate the rich phase diagram of spin-orbit-coupled Fermi gas systems. Neverthe-
less, it seems to me that temporarily only spatially resolved rf spectroscopy is capable of detecting
the signatures of both Majorana zero modes and the finite center-of-mass momentum pairing in a
single measurement.
VII. Discussions on the validity of employed mean-field theory
As being extensively explained that the physical prediction of this new topo-FFLO superfluid
phase in SOC Fermi gases is a crucial generalization of the recently flourished theory of homo-
geneous topological superfluidity/superconductivity (which was also emerging from a mean-field
theory like ours) to include a nonzero c.m. momentum for the fermionic pairing by explicitly
breaking the time reversal and inversion symmetries. Also, the present work demonstrates a novel
mechanism for the FFLO superfluidity/superconductivity in SOC systems, which is very different
from the conventional FFLO pairing driven by a purely strong Zeeman field. Technically, the exact
bosonization and DMRG analyses on such 1D systems have found that both the FFLO superflu-
idity and the Majorana bound states are robust and stable against the critical quantum fluctuation
corrections [32–37], therefore, more or less, confirming and erecting our mean-field predictions on
the inhomogeneous topological superfluidity. Moreover, a direct comparison between the mean-
field results and the exact Bethe ansatz solutions shows that the BdG theory is useful and reliable
for studying the weakly and/or moderately interacting spin-polarized Fermi gases in 1D [38].
Hence, as the first endeavor to claim the existence of a new quantum state of matter, our work
provides the theoretical framework and presents the basic information of the topo-FFLO super-
fluidity/superconductivity, which shall lay the foundation for future more accurate investigations.
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Finally, we wish to emphasize that the key content of our work is to predict for the first time a
new topological state of matter in SOC systems through employing the momentum and real space
formulations combined with the appropriate topological arguments.
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